arXiv:2409.07164v1 [math.NT] 11 Sep 2024

PERIODIC SIGN CHANGES FOR WEAKLY HOLOMORPHIC
n-QUOTIENTS

KATHRIN BRINGMANN, GUONIU HAN, BERNHARD HEIM, AND BEN KANE

ABSTRACT. In this paper, we study sign changes of weakly holomorphic modular forms which
are given as n-quotients. We give representative examples for forms of negative weight, weight
zero, and positive weight.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let me Nand 6, € Z for 1 </ <m. We define

m
)
E <q£; qz)@ =Y Chorgismim ()7,

n>0
where (a;q), = H?z_ol(l —aq?) for n € Ng U {oo} is the g-Pochhammer symbol. The signs

8161902 ...mom (1) = 88N (C51 965 ..6m (1))
were investigated by a number of authors. For example, letting M (a, ¢;n) denote the number
of partitions of n with crank = a (mod c), Andrews-Lewis [3, Conjecture 2] conjectured that’
M(0,3;3n) > M(1,3;3n) for n € N,
M(0,3:3n + 1) < M(1,3;3n + 1) for n € N,
M(0,3;3n +2) < M(1,3;:3n +2) for n € N\ {1,4,5}.
Since M (0,3;n) — M(1,3;n) = Cj23-1(n), this conjecture can be repackaged as

1 if3|norn=>,
8123—1(71) = 0 lf n e {14, 17},
—1 otherwise.

This conjecture was proven by Kane [9, Corollary 2]. To give another example, Andrews [2,
Theorem 2.1] proved that for a prime p the signs sj1,-1(n) of the coefficients of the infinite
o
cases where $ys,95,....,0m (n) is periodic with some period M € N (i.e., 8161982 ...dm (n) only
depends on n (mod M)). Techniques used to show these results vary depending on the sign
of >y~ d¢, so we give representative cases for each of the possibilities for the sign. We first

consider a case with > ", dy < 0 and M = 5.

Borwein products are periodic in n with period p. In this paper, we investigate other
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1We have M(0,3;3n +2) = M(1,3;3n + 2) for n € {4,5} and M(0,3;5) > M(1,3;5).
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Theorem 1.1. We have
1 ifn=0 (modb),
syiz—2(n) =49 —1 ifn=1,2 (modb),
0 ifn=3,4 (modh).

Remark. As noted by Wang [13, (1.4)], Andrews’s proof of [2, Theorem 2.1] implies that the

signs sii5—1(n) of the Fourier coefficients of égig%;; are periodic with period 5, up to some

exceptional n satisfying sy15-1(n) = 0. Using this fact, a straightforward argument shows that
(@9 _ _(3:9)oo 1

%)% T (@070 (4°:6%) e
property. Proving that none of the coefficients in the congruence classes n = 0,1,2 (mod5)
vanish requires a slightly more delicate analysis, however. Since we are only interested in
purely periodic signs in this paper, we still investigate this case to demonstrate how to use the

methods in this paper.

the signs of sy15-2(n) of the Fourier coefficients of 0 satisfy the same

Theorem 1.1 also has a combinatorial interpretation. To state it, for n € N, let pa(n) be
the number of 2-colored partitions of n, setting pa(z) := 0 for = ¢ Ny, and for m € Z let

Ps (m) := WT_’” be the m-th generalized pentagonal number.

Corollary 1.2. Forn € N, we have

. 0 Py (m) >0 z:fnfo (modb5),
Z(—l) P2 (f) <0 ifn=1,2 (modb),
mez =0 ifn=3,4 (modh).

We next treat a case with Y 2, 0, = 0 and M = 4.

Theorem 1.3. We have

1  ifn=0,3 (mod4),

S11924-3(n) = {_1 ifn=1,2 (mod4).

Theorem 1.3 has an interesting interpretation in terms of ways to write n as a sum of

squares, triangular numbers T), := %, and generalized pentagonal numbers. Namely,

Cii1924-3(n) counts certain weighted solutions to the equation

3 miy mo ms
n=2> ni+> T, +> Tp,+> Pslc) (1.1)
j=1 j=1 j=1 j=1

withn € Z3,a € N™ b e N™ and c € (Z\{0})™ (with m; € Ny arbitrary). For n € N, let
a(n) be the number of solutions (n,a,b,c) € 73 x N™ x N™2 x (Z\ {0})™ to the equation

(1.1) weighted by (_1)2?:1nj+m1+m2+m3+2?:31 o
Corollary 1.4. We have

1 ifn=0,3 (mod4),

sgn (a(n)) = {_1 ifn=1,2 (mod4).

We finally consider a case with y_,*, d, > 0 and M = 9.
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Theorem 1.5. We have

. (n) = 1 ifn=0,2,5,6,8 (mod9),
T 21 ifn=1,3,4,7 (mod9).

The paper is organized as follows. In Section 2, we give preliminary facts about modular
forms and their Fourier coefficients, Kloosterman sums, and Bessel functions. In Section 3,
we prove Theorem 1.1. Section 4 is devoted to the proof of Theorem 1.3. In Section 5 we
show Theorem 1.5. Finally, further related conjectures are given in Appendix A.
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2. PRELIMINARIES

2.1. Modular forms. We set

S 1 ifd=1 (mod4),
LR E if d =3 (mod4).

Suppose that k € %Z and T" is a congruence subgroup of SLo(Z), with ' CT'y(4) if k € Z+ %,
containing 7 := (} 1). For v = (‘Z 3) € I', the weight x slash operator is defined by

c\2k 2k —K ;
F| ~(r) = (5)" 2 (cr+d)"F(yr) fkeZ+ 3,
" (et +d)~"F(y7) it k € Z.

Here (°) is the extended Legendre symbol. A holomorphic function F' : H — C is called a
weight £ weakly holomorphic modular form on I' with character x if for every v € I' we have

F|I€/7 = X(d)F
and for every v € SLa(Z) there exists ng € Q such that
(e1 + d) " F (y7)e?mimoT (2.1)

is bounded as 7 — ico. We call the equivalence classes of I'\(Q U {ico}) the cusps of I'. We
abuse notation and also call representatives ¢ € Q of elements of I'\(Q U {ico}) cusps. For a
cusp o we choose 7y, € SLa(Z) such that v,(ico) = p. If F is a weakly holomorphic modular
form of weight x on I' with some character x, then F,(7) := (c7 + d)™"F(v,7) is invariant
under T for some o, € N. Hence F has a Fourier expansion (with g := e*™)

Fytr)= Y cerpln)g™e.

n>—oo

Note that there are only finitely many negative n because of (2.1). We drop ¢ from the
notation if o = ico. We call the terms in the Fourier expansion with n < 0 the principal part
of F' at the cusp p.
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2.2. Special modular forms. Recall the transformation law of the partition generating
function P(q) == 3,5op(n)q" = m, where p(n) denotes the number of partitions of n,
and the Dedekind n- functz’on n(T) = qi(q; @)oc- We then take 7 = 2 (h+1iz) with z € C with
Re(z) > 0, so that ¢ = ¢ *F'(hti2)  Here h,k € N satisfy 0 < h < k and ged(h, k) = 1, and for
hh' = —1 (mod k) we set q1 := 6222 (W+32) | Let wh,k be defined through

P(q) = wnpv/ze™E (22 P(qy). (2.2)
Then we have (see [1, equation (5.2.4)])

() ¢~ i(3 @=hh=h)+5 (k=3 ) (2h=h'+h2R")) ip i odd,
it = { (o) om0 G- DEI) i g odd

(2.3)

With [a], the inverse of a (mod b) for ged(a,b) = 1, P has the following transformation.
Lemma 2.1. If ged(d, k) = g, then

Moreover, since n(7) = ( ) (2.2) implies that, for any h,h' € Z with hh/ = —1 (mod k),

1 . 1 7”(hih) _ 7 . / )
n E(h%—zz) =wy e 12 e 1 (—iz)” 277 k; W+ 2 )

In particular, n(247) is a weight 3 modular form on I'g(576) with character xi2, where

xp(n) = (2) (see [12, Corollary 1.62)).

n

2.3. Zuckerman and exact formulas. Let F' be a weakly holomorphic modular form of
weight k € —%NO for some congruence subgroup I' C SLy(Z). Suppose that for v = (“ g) €
SLa(Z) with ¢ # 0 and ¢ = 2 € Q we have the transformation law

F(yr) = x(7)(eT + d) " Fp(7).

Now let v = v, 1 € SLa(Z) with a = h and ¢ = k. Note that h' = —d satisfies the congruence
hh' = —1 (mod k). Taking 7 = 4 (k' + L), we obtain the transformation

F <%(h + iz)) — () (—iz) " F, (% (h’ + %)) .

Let F have the Fourier expansion at ioo
F(r)= Y a(n)q"*™
n>—oo

and Fourier expansions at each rational number 0 < % < 1 (with ged(h, k) =1)
- 7L+ahyk
(kT — B)""F (Y1) = Z apk(n)g
n>>>—oo
Furthermore, let I, denote the usual I-Bessel function. In this framework, the relevant

theorem of Zuckerman [16, Theorem 1], which was extended to a larger class of functions
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which include weight zero weakly holomorphic modular forms by Ono and the first author [7,
Theorem 1.1], may be stated as follows.

Theorem 2.2. Assume the notation and hypotheses above. If n+ « > 0, then we have

r—1 1 _ 2mi(nta)h
a(n) =2n(n+ a) 2 Z z Z X(Yhk)e %

k>1 0<h<k

ged(h,k)=1
1—k
2mi rfIm+ « 2 47 n+a)lm+ «
O amalmeioene (It o) F (0 \/ (n+0)lm + an|
Ck k Ck
m+tap, <0
2.4. Kloosterman sums. We define the Kloosterman sums
Kk(n, m) — Z e%(nh—l—mh/)‘
h (mod k)*

We require Weil’s [15] bound (see [8, (11.16)] for the statement in this form).

Lemma 2.3. We have, for k € N and n,m € Z,

Kip(n,m) < v/ged(n, m, k)d(k)VE,

where d(k) denotes the number of divisors of k.

2.5. Bessel functions. We require certain bounds for the I-Bessel functions. Upper bounds
for I,;(x) are well-known and may be found, for example, in [6, Lemma 2.2 (1) and (3)]. A
lower bound for I (x) for x sufficiently large was given in [5, Lemma 2.4], and a lower bound
for I% (x) follows by a similar argument using [11, (10.47.7) and (10.49.9)].

Lemma 2.4.

(1) For0 <z <1, k € R with k > —1, we have
ol =k pk
D(k+1)°

(2) For x> 1 and k € R with k > —%, we have

2
Iy(z) < 4/ —¢®.
(@) <4/ —e

(3) For k € {1,3} and = > 3, we have

I(z) <

xT

I.(x) > W

3. PROOF OF THEOREM 1.1 AND COROLLARY 1.2
For ease of notation, we abbreviate ¢1(n) := Cj15-2(n), s1(n) := sgn(c1(n)), and set
5\2
44 P(q
flg) = B Loy (3.1)

(4% q5)2 P(q) n>0
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3.1. The case n = 3,4 (modb5). Using (see Theorem 1.60 of [12])
n(3n+1)
(@@ =Y (=D 2,
nez
we see that the Fourier coefficients of fi; are not supported on exponents that are congruent

to 3,4 (mod5). This gives Theorem 1.1 for n = 3,4 (mod5).

3.2. The exact formula. We next use Theorem 2.2 to obtain an exact formula for ¢;(n).
To state the result, set

Note that xi1(h + k, k) = x1(h, k), so x1 only depends on h (mod k).
Lemma 3.1. For n € N, we have

er(n) = = 3t Z S ke (27; 3(8n—3)>

(8n — k>1 h (mod k)*
5k

Proof. In order to use Theorem 2.2 for Fy(7) := q_% f1(q), we need to determine the growth
of Fy at the cusp 2. For 51k, plugging (2.2) into (3.1) we see that, for z — 0,

s ! i 2
wghk T 37rzP (e%([s}kh +§)> s 1
fl(Q) =5 2 \/Ee_m_ ik < \/Ee_zo_kRC(Z) — 0.
Wh,k P(q1)

So F} has no principal part at % if 51 k.
Similarly, for 5 | k we obtain

fi(@) = xa (b, k)v/ze =) (14 O()).
The claim then follows by Theorem 2.2. O

We split the formula in Lemma 3.1 into a main term

Mi(n) = ﬁlg (110 3(8n — 3)) <cos <47TT"> — cos (%ﬂ(n - 2)>>

and an error term

Bin) = 231 3in Z > ke (% 3(8n—3)>.

(8n—3 k>5 h (mod k)*
5|k

Lemma 3.2. We have

cl(n) = Ml(n) + El(n)
Moreover, if |Mi(n)| > |E1(n)|, then s1(n) agrees with the value claimed in Theorem 1.1.
Proof. The first identity follows from a straightford calculation showing that M;(n) is the

term with £k = 5 of Lemma 3.1.
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Now suppose that |Mj(n)| > |E1(n)|. Then the first identity implies that

1  ifn=0 (mod5),

s1(n) =sgn (Mi(n)) = {_1 ifn=1,2 (mod5).

This matches what is claimed in Theorem 1.1. O

3.3. Bounding the main and error terms. We next bound the main term and error term
from Lemma 3.2.

Lemma 3.3.

(1) Forn=0,1,2 (modb), we have

| M ()] > %1 (ﬁ) 3(8n —3)) <1 — cos (%)) :

(2) We have

3 5

4672 3ig2

|E1(n)| < NG _ af T (1~/8n—3).
5(8n—3)1  5(8n—3)1 ?

Proof. (1) Directly from the definition, we have

3

4-33
Mi(n)] = —" Iy ({51380 = 3)) min
n 10 ne{0,1,2}

The minimum occurs for n = 2, giving the claim.
(2) Making the change of variables k — 5k and taking the absolute value inside the sum, we
conclude that

Ba(n)] < -2 3im ZIS <10_/<:‘/ (8n — )) (3.2)

(8n —3

We split the sum over k in (3.2) into terms with & small and & large. Using Lemma 2.4 (1)
we conclude that the contribution to (3.2) from k > 51/3(8n — 3) is bounded by

2 2 2 2 fe'e) 4 3
ffg SNoooki< ;/\%T iy — _AVOT v (3.3)
k> 2\ /3(8n—3) 1 V3(En=3) 5(8n —3)1

Estimating the Bessel function against the term with & = 2, the contribution from & <

75V 3(8n — 3) is bounded by
2.3 us 3172 us
(8n —3)s 2<k< Z\/3(8n—3) (B —3)s
Adding (3.4) to (3.3) gives the claim. O



3.4. Proof of Theorem 1.1. We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. Comparing Lemma 3.3 (1) with Lemma 3.3 (2), for n = 0,1,2 (mod5)
we conclude by Lemma 3.2 that s;(n) matches the value claimed in Theorem 1.1 if

ﬁ13 (1—0 3(8n — 3)) <1 — cos <2§>>

5 3 5

22+/3m2 3im?

2\/_7T21 + il o E (1\/871—3).
5(8n—3)%1  5(8n —3)%

Rearranging, this is equivalent to

v8n —3 VaT | 3n
(1= cos (3)) I3 (f5 3(8n_3))<3% i1 (5 8"‘3)><1'

We next use Lemma 2.4 (2) for n > 6 to bound

2v/1 Tr
I3 ( V8n — 3> < ile% 8n—3.
20 m(8n — 3)1

Moreover, by Lemma 2.4 (3) for n > 5, we have
/3(8n—3)
Is (7T 3(8n—3)>2 °r .
10 227 31(8n — 3)1

Thus we want
3 f—
sz 731 ToV/3(En—3) ﬁJr §(8n—3) TenVBn3 ) <.
1—cos (%) 31 2

It can be shown by computer that this holds for n > 33. For n < 33, we evaluate s1(n) with
a computer to determine that it agrees with the value claimed in Theorem 1.1. O

We next prove Corollary 1.2.
Proof of Corollary 1.2. First recall that
=2 _r2ia
7>0
Hence [12, Theorem 1. 60] implies that

-Z S ()

n>0meZ
The result follows by Theorem 1.1. O

4. PROOF OF THEOREM 1.3 AND COROLLARY 1.4
We abbreviate cg(n) := Cli924-3(n), sa(n) := sgn(cz2(n)), and let

_ @9 () P(aY)’
fa(q) = (g% ") ~ P()P (¢®)*
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4.1. The exact formula. We next obtain an exact formula for cy(n). Let

Xg(h, k) =

w3
h
Wh kW

k

4

w2
h,

l\.’)l?“

Note that x2(h + k, k) = x2(h, k), so x2(h, k) only depends on h (mod k).
Lemma 4.1. We have

2\/777' 27r1nh
h,k I 7(24n—-17)).
) = \/mk; h(n%glk alh e F 1, (G VTR =)

Alk

Proof. Lemma 2.1 and (2.2) imply that fa(q) = 0(6_42%) as ¢ — eQWT% with k& odd. For 2|k
Lemma 2.1 and (2.2) again imply that fo(q) = O(e™6hz) as ¢ — e Finally, for 4 | k,
taking ¢ = d in Lemma 2.1 and (2.2) imply that

f2(9) = xa(h k)e 2 (=7 (14 O(ay)). (4.1)

Setting Fy(7) := ¢~ 21 fo(q) and plugging (4.1) into Theorem 2.2 gives the claim. d

[N

4.2. The multiplier system. We next rewrite the multiplier system ya.

Lemma 4.2. We have
xa(h, k) = e (P 7)ot 47)w)

where we choose h' to satisfy hh/ = —1 (mod 8 ged(k, 3)k).

)

Proof. Noting that we may choose [—h]x = [-h]r = b, we may show that
2

where
1
A= oo (((5k* +28) h* — 5k* — 28) h' + (—5k* + 56) h) .
The claim follows by a direct computation distinguishing whether 3 | k or 3 1 k. g

4.3. The main term. Define

) \/_7TCOS( (n+ )) s
My(n) = \/m I (ﬂ 7(24n—7)),

. 2\/777' 27r1nh 1 R
Eo(n) := m%’ h(ﬂ%k) xa(h, k)e™ 57 T <61<: 7(24 7)).

Lemma 4.3. We have
Cg(n) = MQ(TL) + Eg(n)

Moreover, if |Ma(n)| > |Es(n)|, then so(n) agrees with the claimed value in Theorem 1.3.
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Proof. For the first identity, we need to show that Ms(n) equals the term with k = 4 of
Lemma 4.1, which is

\/7% —nh T
_— h,4)i7™ [ | — 24n — .
5 Tm_?he%:’?)})(z( ,4)i 1(24\/7( n 7))

Using Lemma 4.2, the sum on h becomes
e% (—11h—9h") ,— mihn .
he{1,3}

From this it is not hard to see that the main term is as claimed.
To see the second statement, note that if |Ms(n)| > |Ea(n)|, then

e Y 35 N (et

This matches the claim in Theorem 1.3. O

4.4. Kloosterman sums. Let

2minh
Ap(n) := > x2(h, k)e™ "5
0<h<k
gcd(h,lj):l

hh/=—1 (mod 8 ged(k,3)k)

Lemma 4.4.
(1) We have, for 3 |k,

1 k2 k2
Ak(n) = ﬁK24k <—5? + 7 — 24n, _5Z _ 7) .

(2) We have, for 31k,

1 1 k2 1 k2

Proof. Using Lemma 4.2, we rewrite

1 22 (=585 +7—24n ) n— (557 +7) )
A I 24k 2 4 )
) 8 ged(k, 3) h (modg;d(k,?,)k)* )

Distinguishing whether 3 | k or 3 1 k gives the claim. O

We can now use Lemma 4.4 to explicitly bound Ag(n).

Lemma 4.5. We have

A (n)] < % %kd(24k).
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4.5. Bounding the error term and finishing the proof of Theorem 1.3. We are now
ready to prove Theorem 1.3.

Proof of Theorem 1.3. Dividing the error terms Fs(n) by the main term M(n), Lemma 4.3
implies that Theorem 1.3 follows if

| Ea(n))|
<1
| Ma(n)|
Applying the triangle inequality and then using Lemma 4.5, we need to bound
| Ea(n))| 2 [Ap(n)|, (7
< I 7(24n — 7)
Ma(m)] ~ Jcos (2 (n+ 1)) I ( 7(24n — 7)) ,%:5 k (Gk )
4k
< VT S di4 - 24k) | (i @4 —7)). (42)
2v2cos (32) I (ﬁ 7(24n — 7)) k>2 vk 24k

Note that
d(96k) < d(96)d(k) = 12d(k).
Hence, using Lemma 2.4 (1), the contribution to the right-hand side of (4.2) from k& >
7(24n — 7) can be bounded by

¢ (3)* v2An — 7
44/2 cos (%’r) I (ﬁ 7(24n — 7)) .

We next consider the contribution to the right-hand side of (4.2) from the terms with
2 <k < g74/7(24n — 7). Since k > 2, we may trivially bound

I (241<; 7(24n — 7)) <1 (418 7(24n — 7)) ,

which we may pull out of the sum on k. Since divisors of £ may be paired as (d, %) ith
§

\/_

d < fl, we have at most vk such pairs, and hence we may trivially bound d(k)
Hence the overall contribution to the right-hand side of (4.2) from the terms with 2
7(24n — 7) may be bounded from above by

Try/24n — 7 11 (1 7(24n — 7))
2v/2cos (32) 1, (14 7(2dn — 7)) '
Combining the two errors, we need
¢ (3) V2An =7 | T2 T 5 (% 7(24n — 7))
W2cos () I (F1/T@In—7))  2V2eos (§) 1 (/7240 7))

We next bound (4.3) against elementary functions. Using Lemma 2.4 (2),(3) for
7(24n — 7) > 3, the left-hand side of (4.3) may for n > 99 be estimated against

< 1L (4.3)

5 3 3
Tina¢ (3)° (2? - 7)1 o~ 5/ | 14V2Ty 33” — - mVTCIT) g
4+/3 cos (%) Cos ( 3 )
Theorem 1.3 now follows as it was checked with a computer for n < 98. O
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We conclude the section with a proof of Corollary 1.4.
Proof of Corollary 1.4. Using [12, Theorem 1.60], we can write

(¢ ool )% <(q2%q2)i>3 ((quqz)i>_2 1
(

(a5ah)3, (%) (4;9)o0 4 q)oo

1 1

< 3
2
- (Zewra) : -
2 (6n+1)2—1
neZ <2n>0 q%) Y onez(=1)q 2

(4.4)

Noting that % = T, and % = P5(—n), the result follows from Theorem 1.3
after expanding the denominators appearing in (4.4) as geometric series. O
5. PROOF OF THEOREM 1.5

5.1. General transformations. We abbreviate c3(n) := Cj93-5(n) and s3(n) := sgn(cs(n)).
We determine the transformation law of

(g9 P& g
f3(q) = @ P —%:063( )q".

For 3 | k, we set

9
h,’—“
x3(h, k) == —>. (5.1)
w
h.k
Lemma 2.1 with d = g and (2.2) yield
s 1—2
f3(a) = xa(h, k)22 (-72) fy(qy). (5.2)
For 3t k, we note that we may choose h' with 3 | A, so that
h/
[3]xh = 3 (mod k) .
Hence for 31k and 3 | &/, Lemma 2.1 and (2.2) yield
o)
5 P g >
w s Tz
falg) = == 3522 w5 (5.3)

Wh e P(q)?

In particular, this vanishes as z — 0.

5.2. The Circle Method. Using the residue theorem, we have

1 f3 q _ 2minh 19/’:71@ 27i . 2mnz
20 =g [ 3[R () oy

0<h<k<N 19/M
ged(h,k)=1
_ k - / o 1 "o 1 : h1 h ho :
where z = & +ik®, U} = T Vg = ) with 71 < 2 < 72 are consecutive

fractions in the Farey sequence of order N := |[y/n| and where ), is the restriction to k& with
12



ged(k,3) = d. Assuming that d | b/, we may use (5.2) and (5.3) to obtain

,19//
2‘rr'th, h,k T (1 2mnz
-2 57 (5—2
23: Z Xg(h k) / ) z eZk(Z )fg(ql)e k d@,
-9
0<h<k<N h,k
ged(h,k)=1 5
3|k P %
2
5 wghk _ 2minh ﬁh’k _o _lm 7z ql 2rnz
g =32 g T’e k 2 e 18kz 2k ﬁe T dd.
! 0<haheN “hk —}, (q1)
ged(h,k)=1
3tk

We require the well-known bounds

1 1 k k
/ "ot L N .4
nkr Uk S TN Y Re<2>_2, \Z!_n (5.4)

Next we split-off the principal parts. Note that these only occur if 3 | k. We write
fs(q) =1+ (fs(q) — 1).

We call the contribution from the constant term ) 5, and the remaining sum » 5 ,. We have

k. "
h k 2mwinh 7+Zk19hvk T TZ
Z — Z XS(/; )e_ik " s 2030 o (4n=1) (5.5)
3,1 k ik,
’ 0<h<k<N n h,k
ged(h,k)=1
3|k

We now approximate the integral in the following lemma.

Lemma 5.1. We have

k . "
= +ikd
n h,k _ T Tz
2 2ezz o (n=1g mTiv4n — Il( Vin — )

n
< 4588024ﬁ

s zkﬁ;L &

Proof. We follow the argument given in [10, pp. 404-405]. Let A := - (4n —1) and B := ..
From §6.22, equation (1) of [14], we obtain

V%, k ik, Srikdy —atikdy
min/An — 11< Vin —1 k + [ + [
—H—ikﬁ;%k E_iko), E ik

_k

n B
+/ +/ z- exp<Az—|——>dz::J1+J2—|—...+J7.
~Eyikoy, -k z

n

Note that .J4 is the integral appearing on the left-hand side of the lemma, so, subtracting that
from the other side, it remains to bound the absolute values of the other integrals.

For Jy, we have Re(z) = —% < 0 and Re(1) = Rﬁ—?f) < 0. Thus, we have

_%_ikﬂ;z,k 9 kﬂ;z,k 1
< - = —ay.
\le_/_% Al = [

We bound this by setting y = 0 in the integrand and get
2 %

— <
k2 W’”’f = k2(N +1)
13
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We have the same bound for |Jg].
For J3, we make the change of variables z = :E—Z'k"ﬂ/h’k. Note that here —% <Re(z) =z <
and Re(1) < 4k. Thus, on J3 we have

Sl

exp <Az + g) ' < exp(4m),

SO

< 4 R 4 22+ (k9. )2

We bound the integral by setting = 0 in the integrand and get |J3| < 8 exp(4m)k. We bound

Js in the same way.
Finally, we combine

3=

1

Ji+Jr=0.
Using that 1 < k < /n, we easily obtain the claim. O
Plugging Lemma 5.1 into (5.5), we obtain
h k Tin
Y o=oayin-1 Y %eﬁ T (%\/471 - 1) + E(n), (5.6)
3.1 0<h<k<N
ged(h,k)=
3k

where F(n) may be bounded against

: 1 4588024 229401272
B(n)| < 45880242 Y — < 4088028 - (9) 5 — 220002 o (5.7)
k2 9 27
1<k<N
3|k
We define
27 mv/4n —1
M D= VAN =1L | o————— |
3(n) 3 ged(n, 3)a ! <3gcd(n,3)>
h k Tin
Es(n):=2nv4n — 1 Z %6_2 e (%\/471 — 1) )
0<h<k<N
ged(h,k)=1
3|k
k>30r,
where
—2sin (22) if 31 n,
ap 1=
2 (sin (£ (4 —2n)) —sin (B (5 —n)) —sin (Z(5—4n))) if 3|n,
, . f2 if3in,
"4 if 3.

We obtain a formula for c3(n).
Lemma 5.2. We have

c3(n) = Ms(n )+E3 Z Zl.

Moreover, if [M3(n)| > [Es(n)|+|En)[+|> 52 [+1>21 |, then s3(n) = sgn(ay,), which agrees
with the claimed value of s3(n) in Theorem 1.5.
14



Proof. Recall (5.6). For 3 1 n the first identity is equivalent to showing that M3z(n) is the
term with & = 3 of the sum in (5.6), while for 3 | n it is equivalent to showing that the terms
with k = 3 and k = 6 vanish and Mjs(n) equals the term with £ =9 in (5.6).

We first evaluate the term coming from k& = 3. Using (2.3) and (5.1) of x3(h, k), the sum
on h for this term equals

ﬂ"L n 2
Z x3(h,3)e” 5" = _2sin <%> .
he{1,2}

This yields the first identity for 31 n, and for n = 0 (mod 3) this vanishes.
For k = 6, the sum on h becomes

M . ™
hgl:s} x3(h,6)e = —2sin <?> .

This also vanishes if 3 | n.
Finally, plugging (2.3) into the sum on h for k =9 and 3 | n gives

Z (h 9) 2‘rr'Lh,n _ an'
he{1,2,4,5,7,8}

This yields the first identity for 3 | n as well.
Next suppose that [Mz(n)| > |Ez(n)| + [E(n)| + 3255+ 22, ] In this case, we have
sz(n) = sgn(ay,), and one easily checks that

sen (o) = 1 ifn=0,2,56,8 (mod9),
ST 21 it =1,3,4,7 (mod9),

which matches the value claimed in Theorem 1.5. O

5.3. Error bounds. By Lemma 5.2, we need to bound |Mjz(n)| from below and |Es3(n)],
[E(n)], | 32 and | Y2, | from above. The estimate for [E(n)| is given in (5.7).

5.3.1. Lower bounds for the main term. Since the definition of M3(n) depends on ged(n, 3),
we distinguish whether 3 {n or 3 | n. If 31 n, then

|M3(n)|:4§sin< )Mﬁ( Vin—1). (5.8)

If n =0 (mod 3), then
My(n)| :_|an|mh( Vin—1)> %sm( )Van—1n (Svin 1) (59)

5.3.2. Bound of tails from (5.6). Applying the bound I1(3v4n —1) < Ii(5-v/n — 1) uni-
formly for k > 3¢, with 3 | k£ and trivially bounding the sum over h in Fs3(n) yields the
following upper bound for |E5(n)|.

Lemma 5.3. We have

By(m)] < 21, (;; M)

15



5.3.3. Bounding )_,. We require the following bound.

Lemma 5.4. Assuming the notation above, we have

R
r(s)
—— | < 72.

P (Q1)9

Proof. We define
P(q)° n
9 —- Zﬂ(n)q .
P(@) 5
It is not hard to see that S(n) > 0. Thus

% 5
() <3 Bt

P (Q1)9 n>0

By (5.4), we have |¢1]| = e~ FIm3) < e~ ™, and hence

P(d) ()
< Zﬁ(n)e_% =——-<P (6_%)5.

P (ql)g B n>0

We now use the well-known estimate (for example, see [4, Theorem 14.5])

2n

p(n) <e™V3. (5.10)
Thus, for n > 10

2n _ 7mn

s}

p(n)e™ 5 <e™V3 T8 <e s,
Thus

_ 10w
e 13.5

P (e_%> <1+ Zg:p(n)e_%n +
n=1

Explicitly plugging in p(n) for 1 <n <9 and raising to the fifth power then yields

_
1—e 135

N
P(e7f) <72,
This gives the claim. O
Using (5.4) and Lemma 5.4, we overall bound (noting that N +1 > \/n)

1 T s 2rnRe(z)
S [<8Ere S kol ) e Ly
1 1§k2<N _ﬁgz,kgcbgﬁlhl,k |Z|
3tk
<3%.72 2 (BN cimior o g8 g B romyd =
_32 7 Z ﬁ E e 182 _32 e 36 n?2 Z ﬁ
1<k<N 1<k<N



3
2,

< 3% 1446~ 56 Y27¢(2)n3 < T57137n (5.11)

5.3.4. Bounding ) 3 5.

Lemma 5.5. Assuming the notation above, we have

1
|f3(q1) — 1] [q1| 7% <

OJI[\’)

Proof. 1t is not hard to see that

—_ o9
L

n>1 (1 B

Now we again use |¢1| < e~ by (5.4). Using (5.10), for n > 6 we have

p(n)e” ™ < ew\/g_m <e 5

Thus
—47

_7r <1+Zp e~ 67%
1—e" 3

Explicitly plugging in p(n) for 1 <n <5 then yields
1< P(e™)? < 1.52,
Similarly, (5.10) gives, for n > 1,

T 2” —3mn —2n

p(n)e™™ < e <e

Thus
5

1< P —37r 26—27”1 — ; < 1.01.
n>0 (1-

Therefore

The claim now follows. O

Using Lemma 5.5, we are now able to bound the contribution from Z

Lemma 5.6. We have
3
( ) ‘ < 131n3.
3,2

Proof. Trivially bounding the sum on h and using Lemma 5.5, we bound

‘ Zg 2 Z / % 21 RC(%)—RO(Z)) |f3(q1) o 1| 27r7LRe( )d¢
19/

1<k<N
3|k

1 ™ 1 Tnhe(z
>k (9hal + 19hal) o Weﬁ(m(%)‘wz)) e (5.12)
1%‘;]\1

17



By (5.4), we have |2|72 < (£)~2 and k|¥), | < x57- Moreover, we have

er ( )|q1|4 =1.

Plugging back into (5.12) and using Re(z) = £ (by (5.4)) then yields
n 2T 1 4 2 3 27T2 2 3 3
< < _ = <
‘23,2‘ - 3(N+1)e Z 2 = 9 e ((2)n? 31 e”"n2 < 131n2. O
1§k|ZN
3

5.4. Finishing the proof.

5.4.1. 3t n. Assume that 3 { n. Plugging (5.7), (5.8), Lemma 5.3, (5.11), and Lemma 5.6
into Lemma 5.2, we conclude that s3(n) is as claimed in Theorem 1.5 if

<4§Sin< >M11( \/4ni—>>_l

4 : s 229401277
o iy (5\/471 = 1) 475713705 + 13108 + 22202 0N 1 (5.a3)
3 6 27
We first estimate the left-hand side of (5.13) against
4 4
<§ sin ( ) Vin = Il< Vin = 1)) (%”Il ( =i = ) + 1595824n3> (5.14)
For n > 6, we may use Lemma 2.4 (2) and (3) to bound (5.14) from above by

—ZIn—1 ZVAn—1
Ve Vi (Bt is05804nt )
/7 sin (2“) (4n — 1)1

V3(4n — 1)1
One may check that this is less than 1 for n > 89, and for n < 89 we directly evaluate s3(n)
with a computer, verifying Theorem 1.5 for 3 t n.

5.4.2. 3| n. Next assume that 3 | n. Plugging (5.7), (5.9), Lemma 5.3, (5.11), and Lemma 5.6
into Lemma 5.2, we conclude that s3(n) agrees with the value in the claim of Theorem 1.5 if

(Fon (5 v (Gva))

229401272

4
<ﬂ11 ( Van — ) 75713705 + 131n3 + >

We first bound the left-hand side of (5.15) from above by

<4—7Tsln( )Mfl( m)) <47T—"11( M)+1595824n3> (5.16)

n%> <1. (5.15)

3
For n > 19, (5.16) may be bounded from above by
1 7\— 4’/L
3V M +1595824n% | |
Vsin (§) (4n —1)3 V3(4n — 1)

One can check that this is less than 1 for n > 1173. Confirming Theorem 1.5 for n < 1173
directly with a computer, we conclude Theorem 1.5.
18



APPENDIX A. FURTHER COMPTUATIONAL EVIDENCE FOR PURELY PERIODIC SIGN

For each sign pattern listed below, we list further choices of 191292 ..

CHANGES

- mdm

for which com-

putational data indicates that s;s,4s,...,,5m () satisfies the given purely periodic sign pattern.

TABLE 1. The list of conjectures.

. period/ case
sign pattern
by 12273373 1227234 13272 1327231 1327232
+— 1327233 14274374 1427334
3/ 17122371 1712337341 17123372 1712437442 1712437341
+4— 17124372 1712537443 17125373 1712537341 1712537342
by 13272373 13271372 14272373 14271372 14373
+0+ 27137147 1137341 13724! 137242 1137243
+50/7 22371471 23371 1127137241 12271372 13372
1121372 1122372 1123374 1221372 1222372
3/ 1223373 1224374 1321372 1322372 1323372
o 132432 149332 149432
14 174210475 17328475571 1732831477 17133471 1713447351
+++0 1*12133474572 1712133473
4/ 1712331473 1712332474 17124474 1712431473 1712432474
++——
4/ —16924—2¢1
L 1712%47%5
11371473 1121371473 1121473 1122371473 1122473
1123371473 1123473 1124371474 1124473 12371473
+:1/7+ 12472 1231472 1221371473 1221472 1222371473
1222472 1223371473 1223473 1224371471 122143
1321472 1322472 1323473 1324473
4/ 191 ,—3
L 134
4/ 26—1,4—1
+—00 172 4
4 202 ,—3
2 12324
4/ 3—1qg—1,4—2 39—1,—2¢1 46—1,—3 4,—6 451 4,—9
o0y 1°27°374 1°27°47°5 17274 174 17274
4/ 39—1,4—4
N 1°37'4
4/ 46-2,4—1
+—+0 172774
5/ 1722335575 1722336577 1722433575 1722434575 1722435576
+++—— 1722436577 1722437578 1712133573
5/ —305q94x—9 —20392 42x—4 —20393 41x—4 —101 43x—2 —1olqQl j2x—2
g 17°2°3%5 17°2°3°4°5 17°2°3°4"5 17°2°4°5 17°2°3°4°5
5/ —308 j—4x—4 —1qdx—2 —19193 4—2x—5
ol 17%2%47%5 1713%5 1712'3%47%5
5 —104 ,—2—3
+-+00+ 1 274775
1712331573 1712332573 1712333573 17124574 1712431573
5/ 1712432573 1712433573 1712434574 1712531573 1712532572
b 1712533573 1712534573 1712535574 1712633573 1712634573
1712635572 1712636573 1712736573 1712737575
5/ —162—1
++0+0 1 275
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5 —1093 4—1x—2
oo 1712%4715
5 1—1 lo—1,41—2
oo 2'5 11271415
+75+{77 1127244573
112—2578 1127241576 1127242575 122—3425—7 122—2577
5/ 122—2415—5 1227242573 1227243573 132—3435—4 132—2577
+—4—+ 132—2415—3 1327242573 1327243572 132—2445—2 142—3445—3
1527345573 1102735—5
113725=° 1131574 1137141574 1t2t3=15-° 123724156
+757/+7 123—15—4 12314153 12314253 13913—15—4 139153
1322578
5/ 1131471574 1131573 1132573 1133471573 1133572
bt 11345-3 123353
11214153 112242573 112241573 1122575 112347153
L 1%47 1571 12573 123'571 1221577 1222471573
122252 1223573
5 20—1p—2
s 122715
5/ 4o—1—3 4 41—3
L 143715 1%4'5
+j¥++ 1390-15—2 13914153 13913153 149-131415—4 14324155
5 3r—1
+4§+0 1°5
112783—64755 112783—64855 112773—64655 122—637844 122—637744
6/ 1327737104151 15276378571 1527637741 162773710471 1627737951
44—+ 1627637847152 1627437341571 17277371047253 1727637641571 17275375
182763—747151
6/ 1127537647355 1127537647255 1127537647155 1127437647355 1127437647255
4+ — 1127437647155 1127337647255
6/ 19—59—6 425 1lo—49—5.44
A 11275376425 112743754
+7$/7+0 112—437344 122753—642 132733—143 18277378 1927537341
6/ 19—3q9—3,2
+ovo 112733734
6 19g—39—3 45 20—4q9—6 43 46—3q9—4 42 89—19—8
Lo 112783734 122743754 112783714 152713
+75:/77+ 122—337344 122733—244 132733—343 142—337342
6/ 19—29—3
+—++0— 17273
122—337552 122723—451 122723—351 132—237352 132—237252
+7+6177 1421376 1421375 1421374 1521373471 1522376
1522375 1522374 1522373
6 19g—29—2 411
oo 11272372415
+72107 112—13734—2 112713—247151
6/ 19—3,2
+——+-0 173774
6/ 1o4q—5 1odq—4
A 11243 11243
6 26—49—6 49—3q9—4,4—1
%o 172713 112783714
6/ 20—39—4r2
Lo 12273375
6/ 260—2q—64—1 do—4,—1 502q—T
IR 122723794 143744 15223
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+ff/+7+ 12913-242
+,i/,0+ 13276379 1527537651
+7£/777 1327537752 1327437647153 1427337351
+,i/,00 1427437441
+7§477 14923—4y1
+~(;/770 169-33-2
+77$/++77 11943143
+—+i%—0+ 14
8/ 1444 14473 14472 112146 1421475
b 149144 149143
+7oi670+ 11224710
8/ 149249 149248 149247 14926 149245
+=04——0+ 122471 122473 122472
+77$/77++ 149344 149343 149444 149443
+7+797/+77+ 19310
+—#~?1+0—+ 1°37°
P 173" 17377 1737° 19374
++701700/+777 1~ 1934153
ot —t0 2723%57°
+*+*l£{f'070+ 11272572
+—0—1LOJK——0+ 11271471570
+7+7i01+7++ 1294510 13944157
R 122725710
+7+71L07/777+ 129-35-9 129-35-8
+—%~jﬁi——+w— 12272371577
R S 1727247577
+4~%i300—00 1727241572
+——+1(§sz07 1741577
+77+i0+/77+7 129153 129152
+,,+14%77+0 12924152
10/ 132743725710 13273371577 13272574 13272573
gt 149=33-1ylg—5 | {49—33-1,15—4
+,,+18(/),,+0 1322577
+,,+1701,,++ 1322576 1322575 1322574
+7+7i017++7 142743734715710
+—+0£¥—+—+— 1127241571
10/ 149154

+—++-0—++0
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10/ 559—3,41x—1
+—+—+-+0+0 1°2774°5
10/ 89—1r—3 89—1r—2
e 182715 182715
10/ 99—Ta—542=—9
+—t—t—t+— 17277377475
+7+71+07/+777 19277374415710 19276373578 11027637341575
12/ —368q—1,—4
=ttt +++ 177273774
12 —309991 4—6
++070+7/70+07 17727374
12/ 173210373478 1—2273—2476 1—2283—2477 172283724—6 172293724—7
b ——ft—t+——F 1722937147551 172210372477 17221037147551
12/ —39109—2 47kl
ttm—tte—to—t |1 2374775
12 —2660—2,—4
404044040 177273774
12/ —207T9—1,—5K1
tt——tiotto—— | 1 23774775
++77+1727/++777 1722737147451 17126371475 17126371474 17127371474
12/ —2689—2,—8
++——++-0+--0 177273774
12/ —1049—2,—3K1
ft—thoogo—p— | 1 23774775
12/ —1959—3,—6
=ttt —++ 17723774
12/ —1959—3,-3
+4+—++-0+-0+— 177273774
12/ —16069—2,—5r—2
bty |1 27377475
++77+1727/++77+ 1—1283—44795—3 1—1283—34785—2 1—1283—34775—1
12/ 19—3,—4
+——++—4+-04+— 173774
1137247153 12374475 123714-15! 1237347352 1237247253
12/ 12213744—4 12213—3474 12223—3473 13213744—5 13223744—4
it Sl o e 1322373471 1323373473 1323372473 1423373471 142137343
1424372473
12/ 11213734—6 11213—3475 11223—3475 12223724—4 12233724—5
-4+ 1223372474 1224372474 1225372474
11213—34745—1 11223—44745—2 11223—34745—2 11223734—3571
12/ 11223—24735—1 11223—2472 12233—44755—3 12233734—4572

Fo— ettt —t+——

1223372473571

1224375477576

12/ 1919g—3,—3 1olg—2 4—2¢1 19029—3 4—2
S ST 11213734 11213724725 11223734
12/ 1939—34—7 1949—3 ,—6 1gdq9—2,4—5r1 2050—2,4—6
ey 11233734 11243734 1'2%37247°5 12253724
12/ 1237147352 1237347253 122137147351 1321375475
ST T T T 13913—44—451 13923-34-252 14933—44—4
12/ 20—34—4r—1 39lg—2,—3r—1 3029—2,—3r—1
T S 123734745 13213724735 13223724735
12/ 20lq—4,—6r—2 3029—6,4—9—5 3039q—3,4—5r—2
B 1721370 13223764795 132337347%5
12/ 29lq—2,—4
R e e o e 1723774
12/ 26030—64—9—4
fo—tp— i | 123774775
12/ 13271373471 13271372471 14271373472 1427137247151
I SR T 14344453 14344352 14334352 143-34—-25-1
12/ 133143

+—0+4+0—-04+0—0+
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+——t——+——+0—

12/ 1322375474 1424374473

12/ 3939—4,4—6x—2
T S T .

12/ 142713—347351 142713—347352 153754—6571 1622374475572
+—t+——F——++- | 1692344551

12/ 4o—1g—4,-2
+—++—0+——+-0 17277374

12/ 50—3,—2
ettt 1°37"4

12/ 15371472 16371473 163734725! 1621374472 1621373472
e —— 173-44—4 17913443 17913343 18923343

12/ 16272376475 | 1627237547451 | 1627237447352 | 1627137547351
+—dt—FF—F+—— 1627137447252 17375474 1721375473

12/ 1621373473571

ot —tt——+—+

e s e

12/ 179-33-44-351

o=ttt

12/ 17273373474 17273373473 17273373472

ot —t+—++—+

12/ 189-33—44-2

44—+ 110272375473 11027237447251 110375473572

12/ 18273375472 19273375473 | 1927337147251 | 19272375472 | 19272371472

=t +—+0+—

12/ 199—43-34—4

ottt —t+—+—

12/ 19943343 199—43-34-2

Fof——t——+——+

12/ 110274376475 110273376474 110272376473 11027237547251

+0—40—F——+-0+-0

15/ 23372573

+——+—0+—-0+-0+-0

15/ 113352

[1]
2]
8]

[4]

[5]
[6]

[7]
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[9]
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